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ABSTRACT
We investigate how a protoplanetary disc’s susceptibility to gravitational instabilities
and fragmentation depends on the mass of its host star. We use 1D disc models in
conjunction with 3D SPH simulations to determine the critical disc-to-star mass ra-
tios at which discs become unstable against fragmentation, finding that discs become
increasingly prone to the effects of self-gravity as we increase the host star mass. The
actual limit for stability is sensitive to the disc temperature, so if the disc is optically
thin stellar irradiation can dramatically stabilise discs against gravitational instability.
However, even when this is the case we find that discs around 2M stars are prone to
fragmentation, which will act to produce wide-orbit giant planets and brown dwarfs.
The consequences of this work are two-fold: that low mass stars could in principle
support high disc-to-star mass ratios, and that higher mass stars have discs that are
more prone to fragmentation, which is qualitatively consistent with observations that
favour high-mass wide-orbit planets around higher mass stars. We also find that the
initial masses of these planets depends on the temperature in the disc at large radii,
which itself depends on the level of stellar irradiation.
Key words: accretion, accretion discs – planets and satellites: formation – gravitation
– instabilities – stars: formation
1 INTRODUCTION
Most protostellar discs will go through a self-gravitating
phase during their lifetimes, most likely whilst they are still
young and the disc is cold and massive (Lin & Pringle 1987,
1990; Rice et al. 2010). The susceptibility of a disc to the
growth of a gravitational instability can be established by
considering the Toomre parameter (Toomre 1964),
Q =
csκ
piGΣ
, (1)
where cs is the disc sound speed, κ is the epicyclic frequency
(equal to the angular frequency Ω in a rotationally supported
disc), G is the gravitational constant, and Σ is the disc sur-
face density.
A self-gravitating phase will emerge when Q . 1. It
can be seen from the dependence of Q on cs and Σ why such
a phase requires that the disc is sufficiently cool and/or
massive. The growth of the gravitational instability has two
? E-mail: cadman@roe.ac.uk
basic outcomes. The disc will either settle into a long-lived
(Hall et al. 2019) quasi-steady state in which the instability
acts to transport angular momentum (Paczynski 1978;
Laughlin & Bodenheimer 1994; Lodato & Rice 2004), or it
can become sufficiently unstable that it fragments to form
bound objects, potentially of planetary mass (Boss 1997,
1998).
A requirement for disc fragmentation is that the disc
is able to cool rapidly (Gammie 2001; Rice, Lodato & Ar-
mitage 2005). In protostellar systems it is likely that these
conditions will only be satisfied in the outer parts of the disc
(Rafikov 2005; Clarke 2009; Rice & Armitage 2009), since
small amounts of irradiation can act to suppress the insta-
bility (Hall et al. 2016). Models of the Jeans mass in spiral
arms of self-gravitating discs predict that fragmentation will
primarily form objects with initial masses greater than ∼3
Jupiter masses (Kratter et al. 2010; Forgan & Rice 2011,
2013a). It is therefore likely that planet formation through
the gravitational instability (hereafter GI) favours the for-
© 2020 The Authors
ar
X
iv
:2
00
1.
06
22
4v
1 
 [a
str
o-
ph
.E
P]
  1
7 J
an
 20
20
2 J. Cadman et al.
mation of wide-orbit gas giants and brown dwarfs (Stamatel-
los & Whitworth 2009; Forgan & Rice 2013b; Vigan et al.
2017; Hall et al. 2017; Forgan et al. 2018).
Core accretion (hereafter CA) (Pollack et al. 1996) de-
scribes planet formation through the steady collisional ac-
cumulation of smaller planetesimals to form progressively
larger bodies. If these cores are able to grow massive enough,
they may become capable of maintaining a massive gaseous
envelope (Lissauer 1993; Pollack et al. 1996), thus forming
gas giant planets. However planetesimal growth in the outer
disc is slow and planet formation timescales may well ex-
ceed disc lifetimes (Haisch, Lada & Lada 2001), making it
challenging to explain the formation of wide-orbit gas giants
through CA.
Results from radial velocity surveys for exoplanets sug-
gest that giant planets are more frequently found around
higher-mass hosts (Johnson et al. 2007; Bowler et al. 2010),
although Lloyd (2011) express some concerns regarding how
accurately the mass of these host stars can be measured.
These results stimulated large-scale searches for directly im-
aged exoplanet companions around high-mass hosts (primar-
ily A stars, Janson et al. 2011; Vigan et al. 2012; Nielsen
et al. 2013), even though intrinsically higher contrasts are
needed to detect companions around these bright stars rela-
tive to solar analogues. Recently, considering the first 300
stars observed during the Gemini GPIES survey, Nielsen
et al. (2019) found a significantly higher frequency of wide-
orbit (R = 10 − 100 au) giant planets (M = 5 − 13MJup)
around higher mass stars (M > 1.5M) vs. M < 1.5M
stars (Nielsen et al. 2019), while direct imaging surveys of
low mass stars (M stars) have not yielded any companion
detections (Lannier et al. 2016). If wide-orbit giant planets
are indeed preferentially formed via GI, these observations
may suggest that fragmentation is favoured in discs around
higher mass stars.
It has previously been shown that GI in discs around
low-mass stars is quenched by a combination of viscous heat-
ing and stellar irradiation, making planet formation through
fragmentation unlikely (Matzner & Levin 2005). Kratter &
Matzner (2006) found a critical disc outer radius of ∼ 150 au,
above which discs around massive stars may become prone
to fragmentation. This critical radius is set by two com-
peting factors; increased stellar irradiation with increasing
stellar mass pushing the radius out, while the more rapid
accreting around the more massive stars favours fragmenta-
tion. Kratter & Lodato (2016) used the scaling of Q with
disc-to-star mass ratio to suggest analytically that we may
expect some scaling of instability with stellar mass. Recently
this relation has been further explored by Haworth et al. (in
prep.).
Haworth et al. (in prep.) demonstrated that low-mass
stars are able to maintain discs with high disc-to-star mass
ratios, with masses comparable to that of the central pro-
tostar, without becoming gravitationally unstable and frag-
menting. The large mass reservoirs potentially available may
have important consequences for planet formation through
CA, and may help to explain the origin of multi-planet sys-
tems around very low-mass stars, such as Trappist-1 (Gillon
et al. 2017).
The work we present here is an extension of this previ-
ous work, but conversely aims to investigate how susceptibil-
ity to fragmentation varies with stellar mass. In particular
we concentrate on the critical disc-to-star mass ratios for
fragmentation. To approach this, 1D disc models for vari-
ous stellar masses have been used to calculate the effective
viscous-α values (Shakura & Sunyaev 1973; Lodato & Rice
2004) for a range of disc radii and accretion rates. It has then
been determined for which disc-to-star mass ratios we expect
the disc to be unstable against fragmentation, assuming that
disc fragmentation can occur when α & 0.1 (Gammie 2001;
Rice, Lodato & Armitage 2005). These 1D results have then
been followed up using 3D smoothed particle hydrodynamics
(SPH) simulations to validate their predictions.
This paper is organised as follows. In section 2 we intro-
duce fragmentation in self-gravitating discs and summarise
previous work done in this area. In Sections 3 and 4 we de-
scribe the setup of our 1D disc models and 3D SPH simula-
tions respectively, and present the results of these in section
5. In section 6 we analyse the Jeans masses in self-gravitating
discs, allowing us to predict the planet masses we might ex-
pect to form through disc fragmentation. In section 7 we
discuss the timescales over which we might expect the con-
ditions for fragmentation to be satisfied. Finally, in sections
8 and 9 we summarise our results and discuss their implica-
tions for planet formation through disc fragmentation.
2 DISC FRAGMENTATION
As already mentioned, the stability of a rotating accretion
disc against GI is characterised by the Toomre Q parame-
ter, shown in Equation (1). It is clear that the Q parameter
illustrates that GI is more likely in discs that are massive
(large Σ) and/or cold (small cs).
A differentially-rotating disc is susceptible to axisym-
metric perturbations if Q < 1 and to non-axisymmetric per-
turbations if Q < 1.5−1.7 (Durisen et al. 2007). In the latter
case, the gravitational perturbations manifest themselves as
spiral density waves, which can act as an effective means of
transporting angular momentum.
If the disc settles into a quasi-steady state, in which
heating and cooling are in balance, this can be parame-
terised via an effective viscosity with the effective viscous-α
(Shakura & Sunyaev 1973) given by (Gammie 2001; Rice
et al. 2005)
α =
4
9γ(γ − 1)βc , (2)
where γ is the ratio of specific heats and βc = tcoolΩ is a
dimensionless cooling parameter, with tcool representing the
local cooling timescale (Gammie 2001). This modelling of
disc viscosity assumes local angular momentum transport
only, and may therefore be violated in some cases where
global effects become important, as discussed in Section 3.
A disc will typically be unstable against fragmentation if the
local cooling time is smaller than the rate at which fragments
are disrupted by the disc, given by the local dynamical time.
Some early work (Gammie 2001; Rice et al. 2003) suggested
that fragmentation occurs when βc . 3.
In an extension of this, Rice, Lodato & Armitage (2005)
illustrated that the condition could be expressed in terms of
a critical-α value, representing a maximum stress that a disc
can sustain without fragmenting. Consistent with the results
from Gammie (2001), they found αcrit ≈ 0.06. This, however,
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only really applies in the absence of an additional heating
source. The presence of an additional heating source, such
as some kind of external irradiation, will tend to stabilise
the disc both against fragmentation (Rice et al. 2011) and
the development of prominent spiral arms (Hall et al. 2016,
2018). Fragmentation will then require more rapid cooling
than in the absence of this additional heating source. There
have, however, been suggestions (Meru & Bate 2011, 2012)
that the simulations on which these estimates are based
don’t converge. In particular, the critical α decreases with
increasing numerical resolution, suggesting that fragmenta-
tion could happen for very long cooling times. However, it
now appears that this is more a consequence of numerical
issues with the codes (Rice et al. 2012; Lodato & Clarke
2011; Paardekooper et al. 2011; Rice et al. 2014; Deng et al.
2017; Deng et al. 2019), rather than an indication that frag-
mentation can actually happen for very long cooling times.
More recent work continues to indicate that fragmentation
typically requires α ≈ 0.1 (Baehr et al. 2017). We can’t, how-
ever, rule out that there might be an element of stochasticity
(Paardekooper 2012; Young & Clarke 2016; Klee et al. 2017,
2019), or an alternative mode of fragmentation (Young &
Clarke 2015), that could sometimes lead to fragmentation
for longer cooling times, or smaller effective α values, than
this boundary value.
When a region of a gravitationally unstable disc frag-
ments, it will collapse to form bound clumps of masses com-
parable to the local Jeans mass. In the presence of external
irradiation this is given by,
MJ =
√
3
32G
pi3Q1/2cs2H
(1 + 4.47√α)1/2 . (3)
Note that this expression differs slightly from the ex-
pression found previously in (Forgan & Rice 2013a). We
now have a different prefactor and the 1 + 4.47
√
α term is
now square-rooted. A full derivation of this expression can
be found in Appendix A.
Typical Jeans masses in the spiral arms of self-
gravitating discs are found to be of the order a few Jupiter
masses (see section 6). We therefore expect, from the ar-
guments presented in this section, that planet formation
through fragmentation will primarily form wide-orbit giant
planets, or brown dwarfs (Forgan & Rice 2013a).
3 1D DISC MODELS - METHODOLOGY
To investigate how disc stability against fragmentation
varies with stellar mass, we have implemented the 1D disc
models first presented by Clarke (2009) and then further
developed by Forgan & Rice (2011). Specifically, we use the
formalism in which external irradiation is also included (For-
gan & Rice 2013a). We consider two cases; one in which
irradiation leads to a constant background temperature of
Tirr = 10K and another in which the stellar irradiation is
based on the MIST stellar models for 0.5 Myr stars (Dotter
2016; Choi et al. 2016).
The four stellar masses considered in this analysis are
0.25M, 0.5M, 1.0M and 2.0M. For host-star masses
above 2M, these models become complicated as the outer
disc becomes optically thick and dynamical heating may be-
come important. We therefore choose not to model stellar
masses greater than this. For each stellar mass we have gen-
erated a suite of 1D disc models and investigated the con-
ditions necessary for fragmentation to occur, assuming that
fragmentation is possible for α & 0.1 (Rice, Lodato & Ar-
mitage 2005).
A self-gravitating disc is constructed by assuming that
it settles into a state with a steady mass accretion rate given
by (Pringle 1981)
ÛM = 3piαc
2
s Σ
Ω
. (4)
Assuming that the disc is gravitationally unstable at all
radii, with Q = 2, equations (1), (2) and (4) allow for the
values of α, Σ and cs to be derived if we use that βc = (u/ Ûu)Ω
and that the cooling function is given by
Ûu = σSBT
4
τ + 1/τ , (5)
where σSB is the Stefan-Boltzmann constant, T is the disc
temperature and τ is the optical depth. We can estimate the
optical depth using τ = Σκ(ρ, cs), where ρ = Σ/2H is the disc
volume density and κ is the opacity. Values of γ, T and κ
are obtained from ρ and cs using the equation of state from
Stamatellos et al. (2007). The scaling of this cooling function
with optical depth as τ + 1/τ allows us to account for both
optically thin and optically thick regimes. In regions of low
optical depth, and regions of high optical depth, cooling will
be inefficient and our cooling function will account for this.
In this way we have generated a suite of disc models
for values of ÛM and Rout in the ranges 10−10 − 10−1 M yr−1
and 1 − 200 au respectively. From the values of α, Σ and cs,
we are able to calculate the disc-to-star mass ratio for each
value of ÛM and Rout.
For the case in which irradiation is modelled using a
constant background temperature, the disc temperature is
prevented from dropping below a floor of temperature of
Tirr = 10 K. In the case of the stellar irradiated discs we
model the temperature as,
Tirr =
( L∗
4piσR2
)1/4
, (6)
where L∗ is obtained from the MIST stellar evolution tracks
at 0.5 Myr (Dotter 2016; Choi et al. 2016). These tracks are
plotted in Fig. 1 and the values of L∗ used here for the cases
of 0.25M, 0.5M, 1.0M and 2.0M stellar masses are
0.44L, 1.19L, 3.40L and 10.11L respectively.
This modelling of stellar irradiation assumes the disc
to be optically thin and thus passively irradiated. In reality
there will be significant self-shielding in the inner disc and
the true disc heating will lie somewhere in between these two
cases. An initial assessment on the impact of self-shielding
finds the mid-plane dust radiative equilibrium temperature
to be a factor ∼ 3 − 4 smaller than that from equation 6.
We therefore might expect the true critical disc-to-star mass
ratios to be closer to the predictions of the Tirr = 10K discs
than the stellar irradiated discs (see Haworth et al. in prep.
for a more detailed discussion).
Comparing the disc temperatures from Equation 6 to
the 10 K irradiated discs we find that for a Rout = 150 au
disc in the cases of a 0.25M, 0.5M, 1M and 2M stellar
MNRAS 000, 000–000 (2020)
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Figure 1. MIST stellar evolution tracks (see Dotter 2016; Choi
et al. 2016). The 0.5Myr luminosities extracted from these plots
have been used in these analyses.
host, the irradiation temperatures in the outer disc will be
26.1K, 33.5 K, 43.6 K and 57.2 K respectively. These higher
disc temperatures in the presence of stellar irradiation will
further suppress fragmentation due to there being greater
pressure support against gravitational collapse, whilst also
reducing the disc effective-α.
The 1D disc models presented here assume local angular
momentum transport in which the disc viscosity can be rep-
resented by a local α−parameter (e.g. Equation 2). Forgan
et al. (2011) found the local approximation to be valid up to
disc-to-star mass ratios of q ∼ 0.5, above which global effects
become important and the effective viscosity is not well rep-
resented by this local parameterisation. We should therefore
proceed with caution when interpreting the results of these
models at high disc-to-star mass ratios. However, they do
provide useful information that informs the 3D SPH simu-
lations which follow.
4 3D SPH SIMULATIONS - METHODOLOGY
To extend the results from the 1D disc models we have pro-
duced a suite of 3D SPH simulations using the Phantom
SPH code (Price et al. 2018). We model the disc cooling us-
ing the radiative transfer method introduced in Stamatellos
et al. (2007). This method represents a more realistic cooling
method than the simple β−cooling formalism, and allows us
to consider regions of both high and low optical depths.
The gas discs are represented by 500,000 SPH particles,
allowing us to simulate a large number of discs spanning a
wide range of parameter space. The stellar masses are the
same as those from the 1D models; M∗ = 0.25M, 0.5M,
1.0M and 2.0M. Each disc has an initial surface den-
sity profile of Σ ∝ R−1.5, and an initial temperature profile,
T ∝ R−0.5. These profiles were chosen to be consistent with
those resulting from the 1D models. This steep surface den-
sity profile also avoids immediately inducing fragmentation
artificially by initially having too much mass in the outer
disc. In Haworth et al. (in prep.) shallower surface density
and temperature profiles have been used, and we don’t ex-
pect that these will affect our conclusions. We use artificial
viscosity terms αSPH = 0.1 and βSPH = 0.2.
Once again we assume two cases of disc irradiation; one
with a constant 10 K floor temperature as well as stellar
irradiation using the MIST 0.5 Myr luminosities, in line with
the 1D disc models.
For the cases of 10 K and stellar irradiation, a total of
192 and 58 discs have been simulated respectively. The spe-
cific disc masses and radii were selected from inspection of
the 1D model results, considering disc parameters which lie
close to the α = 0.1 contour. The inner disc radii are set
as Rin = 1.0 au with gas particles falling within this region
being accreted onto the central protostar, represented here
as a point mass.
Each disc has been allowed to evolve for 5 outer orbital
periods, assuming that if it has not fragmented by this point
then it will not fragment in the future. Discs are consid-
ered to have not fragmented if they initially appear to form
clumps, but these clumps are then either rapidly destroyed
by dynamical effects or accreted onto the central protostar
within the 5 orbital periods.
5 RESULTS
5.1 1D Disc Models
Considering initially Figures 2 and 3, the blue contours show
how the disc-to-star mass ratio, q, varies with accretion rate
as a function of disc outer radius. For example, in Figure
2 for a 0.25M stellar host, a disc with an accretion rateÛM = 10−7 M yr−1 and a radius Rout = 80 au will have a
disc-to-star mass ratio, q = 0.520.
The black contours show the Shakura-Sunyaev effec-
tive viscous-α values from Equation 2. We show contours
for α = 0.01 and α = 0.1. As discussed in section 2, the
canonical fragmentation boundary is typically taken to be
α = 0.06. There is, however, some uncertainty in this exact
value, partly due to convergence issues in the simulations
(Meru & Bate 2011), partly due to possible stochasticity
(Paardekooper 2012), and partly because there is some ev-
idence for an alternative mode of fragmentation (Young &
Clarke 2015). It seems likely, though, that fragmentation
will occur somewhere in the region between the α = 0.01
and α = 0.1 contours. What Figures 2 and 3 illustrate is
that this will require discs with masses that are a significant
fraction of the mass of the central protostar.
5.1.1 Tirr = 10K
Figure 2 shows the scenario in which we assume some back-
ground irradiation prevents the disc temperature from drop-
ping below T = 10K. It shows that as we increase the host
star mass from 0.25M to 2M the critical mass ratio for
the discs to become unstable against fragmentation generally
decreases. If we consider the α = 0.1 contour in Figure 2, for
a 0.25M stellar host the disc-to-star mass ratio needs to ex-
ceed q = 1 before the disc’s viscous-α values exceed α = 0.1.
We would therefore expect these discs to avoid fragmenting
even for very large disc-to-star mass ratios. As stellar mass
is increased to 2M, the disc’s viscous−α exceeds α = 0.1 for
mass ratios of around q = 0.4− 0.5. The minimum radius for
MNRAS 000, 000–000 (2020)
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Figure 2. Results of the 1D models (contours) and 3D SPH simulations (dots and crosses) for the case of 10 K irradiated discs. The
2D contour plots show how the disc-to-star mass ratio (blue contours) varies as a function of accretion rate and disc outer radius for
the cases of 0.25M (top left), 0.5M (top right), 1.0M (bottom left) and 2.0M (bottom right) host star masses. The results of the
3D SPH simulations are shown by the dots and crosses, representing fragmenting and non-fragmenting discs respectively. The effective
Shakura-Sunyaev viscous-α is shown as black contours.
fragmentation also tends to shift outwards with increasing
stellar mass. Fragmentation is only expected in discs larger
than R ∼ 90 au in the case of a 2M stellar host, compared
to R ∼ 50 au in the case of a 0.25M stellar host.
5.1.2 Tirr = Stellar
When considering the case of stellar irradiation, shown in
Figure 3, the critical mass ratios are now shifted to even
higher masses with respect to the case when Tirr = 10K.
This is due to the now higher disc temperatures suppressing
GI (Rice et al. 2011). For a 0.25M stellar host we now
require q & 1.4 before the disc’s viscous-α values exceed
α = 0.1. Increasing the stellar mass to 2M reduces the
required disc-to-star mass ratio to q & 0.7. The minimum
radii at which fragmentation is likely to occur has also
been pushed outward with respect to the 10 K irradiated
discs. Fragmentation will now only occur in discs larger
than R ∼ 100 au for a 2M stellar host, and R ∼ 60 au for a
0.25M stellar host.
These 1D models therefore indicate that fragmenta-
tion requires higher disc-to-star mass ratios around lower
mass stars than around higher mass stars. When including
the effects of stellar irradiation we also find that discs
become less prone to fragmentation, as we now require far
higher disc-to-star mass ratios before the discs’ viscous−α
values exceed α = 0.1. Hence, these 1D models suggest that
disc fragmentation may favour higher mass stellar hosts. We
note again that above q ∼ 0.5, global effects may become
important which are not accounted for in these 1D models.
However, we do not expect this to affect the general trends
demonstrated by these results.
5.2 3D SPH Simulations
In Figures 2 and 3, we also show the results of the 3D
SPH simulations. These are represented by the markers over-
MNRAS 000, 000–000 (2020)
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Figure 3. Results of the 1D models (contours) and 3D SPH simulations (dots and crosses) for the case of 0.5 Myr MIST Stellar irradiated
discs. The 2D contour plots show how the disc-to-star mass ratio (blue contours) varies as a function of accretion rate and disc outer
radius for the cases of 0.25M (top left), 0.5M (top right), 1.0M (bottom left) and 2.0M (bottom right) host star masses. The results
of the 3D SPH simulations are shown by the dots and crosses, representing fragmenting and non-fragmenting discs respectively. The
effective Shakura-Sunyaev viscous-α is shown as black contours.
plotted on the mass-ratio contours. Each marker represents
an individual simulation, which has been set up as described
in Section 4. Red crosses show discs that have not frag-
mented after 5 outer orbital periods and green circles show
discs in which a bound fragment has formed.
Example plots of the final states of these simulated discs
are displayed in Figure. 4. The discs shown are for a 2M
host star in the case of Tirr = 10K, and demonstrate how
discs become increasingly gravitationally unstable and prone
to fragmentation as we increase the disc’s outer radius and
mass. Bound fragments have clearly formed in the largest
and most massive discs, whilst the smaller and less massive
discs display spiral arm structure only.
As we mentioned previously, our 1D models assume lo-
cal angular momentum transport which may not be valid
at high disc-to-star mass ratios. The effect of this can be
clearly seen in Figure 2 by comparing the 1D predictions to
the 3D results at the highest mass ratios (q ≥ 0.5) in e.g. the
0.25M case. Here we find that fragmentation can occur for
lower q values than initially predicted from the 1D models.
When comparing the 1D predictions to the 3D results for
slightly lower mass ratios, e.g. from the 2.0M results, we
find the results to be far more consistent as the 1D models
are now more reliable. Despite this, the SPH results shown in
Figures 2 and 3 display the same general trend as suggested
by the 1D disc models; the critical disc-to-star mass ratio
for fragmentation generally decreases with increasing stellar
host mass and the critical radius steadily shifts outward.
In Figure 2, for a 0.25M host star and Tirr = 10K, discs
are able to fragment for mass ratios greater than q = 0.7.
This is lower than suggested by the α = 0.1 contour but still
broadly consistent with the 1D models. For its 2M coun-
terpart, discs are able to fragment for mass ratios of q = 0.4
and above. Discs as small as Rout = 30 au are able to frag-
ment around a 0.25M host star, with this value increasing
to Rout = 110 au for a 2M stellar host.
In Figure 3, when considering stellar irradiated discs,
only the 2M stellar hosts produce fragments after 5 or-
bital periods. Fragmentation can occur for q ≥ 0.7 in these
systems. All other stellar hosts had no fragmentation for
MNRAS 000, 000–000 (2020)
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2.00 M⊙ Star, T irr=10K
q=0.6
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Figure 4. 3D SPH results demonstrating how discs become more gravitationally unstable and prone to fragmentation as we increase
the disc-to-star mass ratio and the disc outer radius. The discs shown here are for a 2M host star and Tirr = 10K. Each disc has been
allowed to evolve for 5 outer orbital periods, with only the largest and most massive discs having formed bound fragments.
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Figure 5. 3D SPH results showing how the final states of the discs vary with stellar mass in the case of Tirr = 10K. The discs shown
have mass ratios, q = 0.5, and outer radii, Rout = 140 au, with stellar masses, from left to right, of 0.25M, 0.5M, 1.0M and 2.0M.
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Figure 6. Results of the 3D SPH simulations in the case of 0.5 Myr MIST Stellar irradiated discs. The discs shown have mass ratios,
q = 1.0, and outer radii, Rout = 200 au, with stellar masses, from left to right, of M∗ = 0.25M, 0.5M, 1.0M and 2.0M.
discs with q = 1.0, with these being the highest mass discs
modelled in our SPH simulations. We have chosen to not
model discs with mass ratios greater than this as it is un-
clear whether these would exist as disc-star systems at all,
or whether the system would instead be deeply embedded
in an envelope. See Section 8.1 for a discussion of the impli-
cations of high disc-to-star mass ratios. The critical radii at
which we expect discs to fragment has again shifted outward
with respect to the 10K irradiated discs, with discs around
a 2M star only fragmenting for Rout & 140 au.
Figures 5 and 6 further illustrate the effects of increas-
ing stellar host mass on disc instability. It can be seen that as
we increase the star mass from left to right for constant Rout
and q, discs become increasingly gravitationally unstable. In
Figure 5 in the case of Tirr = 10K, q = 0.5 and Rout = 140 au,
the discs with a 1M and a 2M host star have formed
bound fragments, whilst for a 0.5M host star we observe
spiral structure and for a 0.25M host star we observe al-
most no spiral structure at all. A similar trend can be seen
for the case of stellar irradiation in Figure 6, with only the
2M host star case forming bound fragments.
The results from these 3D models are therefore largely
consistent with the 1D calculations, suggesting that frag-
mentation is preferred at large radii around higher mass
stellar hosts. For an optically thin disc we find that stel-
lar irradiation is potentially able to completely switch off
fragmentation around lower mass stars. However we again
note that the disc is likely to be optically thick in the inner
regions, and that the true critical q values may lie closer to
the Tirr = 10K case.
6 A REEVALUATION OF THE JEANS MASS
IN A SPIRAL WAVE PERTURBATION
As Equation 3 differs from that found in Forgan & Rice
(2013a), with a full derivation found in Appendix A, it is
necessary to re-analyse the Jeans masses inside spiral density
perturbations here. The Jeans mass in the spiral arms of self-
gravitating discs represents the masses of the fragments that
we expect to form in these regions, thus placing a constraint
on the type of objects which may be produced through disc
fragmentation.
Figure 7 shows the calculated Jeans masses from the
1D disc models in the case of a 2M host star, considering
both 10K and stellar irradiation. We consider here the case
of a 2M host star as we are concerned with fragmentation
around the more massive stellar hosts. The Jeans mass for
each value of ÛM and Rout has been calculated using Equation
3 and plotted as the green contours in Figure 7.
The minimum Jeans masses for the 10K and stellar irra-
diated cases are 1.10MJup and 6.18MJup respectively, assum-
ing fragmentation is only possible above the α = 0.1 contour.
The tendency for the Jeans mass to increase with the level of
irradiation is a consequence of higher disc temperatures re-
ducing the effective-α thus causing discs to be more massive
for a given ÛM and Rout, and the higher temperatures produc-
ing greater pressure support against gravitational collapse,
as previously discussed in Forgan & Rice (2013a).
The analysis in Forgan & Rice (2013a) considered the
case of a 1M stellar host, and it should be noted that the
values found here remain reasonably similar to those found
previously despite the changes made to Equation 3. For the
case of a 1M stellar host, we find minimum Jeans masses
of 1.10MJup and 4.60MJup when using 10 K and stellar ir-
radiation respectively, compared to values of 4.1MJup and
11.2MJup found in Forgan & Rice (2013a) previously.
7 TIMESCALE FOR FRAGMENTATION
Our results indicate that fragmentation is preferred in discs
around higher mass stars, and could potentially be com-
pletely suppressed in very-low-mass stars if the level of irra-
diation is sufficient. However, another factor to consider is
the timescale over which a disc may sustain the conditions
that are suitable for fragmentation. This is not possible to
assess using the results from the 1D model and the 3D SPH
simulations, since the 1D models are not time-dependent
and the 3D SPH simulations are simply sampling regions of
parameter space.
To consider this, we use the time-dependent models pre-
sented in Rice & Armitage (2009), which assume that an-
gular momentum transport is predominantly driven by GI.
Given that we don’t actually know what the initial condi-
tions will be, we assume that all discs start with an outer
radius of Rout = 100 au and with a disc-to-star mass ratio of
q = 1. We also only consider the case where Tirr = 10 K.
Figure 8 shows the time evolution of the disc-to-star
mass ratio for the same host star masses as considered be-
fore (M∗ = 0.25, 0.5, 1 and 2 M). The markers show, for each
host star, the disc-to-star mass ratio above which fragmen-
tation is possible, based on the results presented in Figure
2. What Figure 8 illustrates is that, in conjunction with the
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Figure 7. Predicted Jeans masses from Equation 3 in discs around a 2M host star for the cases of Tirr = 10K (left) and stellar
irradiation (right).
Figure 8. Figure showing the evolution of disc-to-star mass ratio,
q, in discs in which the gravitational instability is the dominant
angular momentum transport mechanism, for host star masses
of M∗ = 0.25, 0.5, 1 and 2 M. The markers show the disc-to-star
mass ratios above which disc fragmentation is possible, based on
the results presented in Figure 2.
required disc-to-star mass ratio decreasing with increasing
stellar mass, the timescale over which fragmentation could
occur also increases.
Of course, Figure 8 does assume that sufficiently mas-
sive discs can indeed exist, but - if they can - the conditions
for fragmentation would only persist around a 0.25 M host
star for a few 100 kyr. Around a 2 M host star, however,
the timescale for fragmentation could be much longer, po-
tentially a Myr, or longer. However, this does assume that
GI is the dominant mass transport mechanism, which may
not be the case once the disc mass, and mass accretion rate,
have become low enough for other mechanisms to become
more important (Rice et al. 2010).
8 DISCUSSION
8.1 Implications for planet formation via disc
fragmentation
The results presented in Section 5 illustrate that disc frag-
mentation is potentially favoured around higher-mass stars.
If we consider the case where Tirr = 10K, and assume that
the fragmentation boundary is at α = 0.1, fragmentation re-
quires a disc-to-star mass ratio of close to unity for a 0.25M
host star, but requires q ∼ 0.4 around a 2M host. If we
then consider stellar irradiation (e.g. Figure 3), fragmen-
tation around a 0.25M host star would then require disc
masses that exceed the mass of the central protostar, while
fragmentation around a 2M host could still occur for mass
ratios of q ∼ 0.6. This might suggest that stellar irradiation
could completely suppress fragmentation around lower-mass
host stars.
However, the simple modelling of stellar irradiation used
in these models does not account for these being young, mas-
sive discs and there likely being a large amount of material
in the inner disc regions. We therefore neglect factors such
as self-shielding by material in the inner disc that could lead
to stellar irradiation having less of an impact at large radii
than we’ve assumed here. We should therefore expect that
the true heating to be somewhere in between the two irra-
diation cases we’ve considered, (possibly being closer to the
Tirr = 10K as already mentioned in section 3) and that the
critical mass ratio where fragmentation can occur is proba-
bly somewhere within the range we’ve presented. We don’t
expect, however, that this will influence the trend that frag-
mentation is preferred around higher-mass host stars.
In general, discs with mass ratios of order unity, or
above, are probably unrealistic. For Class II sources we ex-
pect the disc mass to be small compared to the stellar mass,
usually no more than 10%. Higher mass-ratio systems would
likely be in the Class I phase whilst there is still a large
amount of material in the envelope. For even higher mass
ratio systems, with q approaching unity, we would expect
them to likely still be in the Class 0 phase in which the
source is still deeply embedded. In this phase it is uncer-
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tain if there would be a star-disc system at all, or if instead
there would be a massive envelope or torus. Additionally,
even if such a system could exist, it would probably evolve
very rapidly. It’s, therefore, unclear if there would be suffi-
cient time for fragmentation to actually occur in a disc with
q > 1.
A full discussion for the implications of lower mass stars
being capable of hosting high-mass-ratio discs before becom-
ing susceptible to gravitational instabilities can be found in
Haworth et al. (in prep.). The key points to note are that
the results suggest these systems may potentially have very
large mass reservoirs available to them for planet formation
through CA, thus loosening the constraint that any forma-
tion scenario (e.g., the Trappist-1 system, Gillon et al. 2017)
must involve highly efficient dust growth. Haworth et al. (in
prep.) also find that the high mass ratio discs (q & 0.3) re-
quired from photoevaporation models of the formation of
the Trappist-1 system (Haworth et al. 2016) to be entirely
plausible, with our models finding discs to be gravitationally
stable even when far more massive than this.
It is then intriguing that Morales et al. (2019) recently
discovered a 0.46MJup planet orbiting a very low mass,
0.12M, M dwarf on a 204 day period, with the authors
proposing GI as the likely formation scenario. The results
presented here suggest that only very massive discs around
these very low mass stars may be permitted to be gravi-
tationally unstable, thus indicating that such massive discs
may indeed exist. We also require that these discs be opti-
cally thick to stellar irradiation, which would likely be the
case for such a massive disc.
The results in this paper are complementary to those
presented in Haworth et al. (in prep.). Fragmentation around
lower mass stars requires large disc-to-star mass ratios and
could be completely suppressed in the presence of stellar ir-
radiation. However, the required disc-to-star mass ratio de-
creases with increasing central star mass and the mass ratio
required for fragmentation remains below q ∼ 1 for higher
mass stars, even in the presence of stellar irradiation. Our
results therefore find fragmentation to be preferred around
higher-mass stars (M∗ ∼ 2M) and an unlikely, if not an al-
together impossible, planet formation scenario around very-
low-mass stars.
Several direct imaging surveys for companions around
M > 1.5M stars have tentatively pointed to a higher frac-
tion of exoplanet and brown dwarf companions to higher
mass stars relative to solar analogues or very-low-mass stars
(Janson et al. 2011; Nielsen et al. 2013; Vigan et al. 2012).
Recently, considering the first 300 stars observed during
the Gemini GPIES survey, Nielsen et al. (2019) demon-
strates this more conclusively, finding a significantly higher
frequency of wide-orbit (R = 10 − 100 au) giant planets
(M = 5 − 13MJup) around higher mass stars (M > 1.5M)
vs. M < 1.5M stars. Nielsen et al. (2019) find an occur-
rence rate of (10-100 au) giant planets (M = 5 − 13MJup)
of 9+5−4% for their high mass stellar sample, vs. a brown
dwarf occurrence rate (M = 13 − 80MJup, 10-100 AU) of
0.8+0.8−0.5% around all survey stars. The mass divisions adopted
in (Nielsen et al. 2019) do not straightforwardly map to a
specific formation mechanism – the brown dwarfs they de-
tect could likely have formed via gravitational instability,
whereas some of the planets in their cohort (e.g. 51 Eri b,
for instance) are likely lower than the Jeans masses we have
calculated here, and thus not as likely to be disc instability
objects. However, these results imply that the total compan-
ion frequency (M = 5 − 80MJup, 10-100 AU) must be higher
for their high mass vs. low mass stellar sample, qualitatively
consistent with the work presented here.
Although our analysis does indicate that disc fragmen-
tation is more likely around higher-mass stars, it also sug-
gests that it will probably occur at radii & 100 au, with this
critical radius moving outward with increased levels of irra-
diation. We might also expect the fragments to have ini-
tial masses above 5MJup and to undergo further growth.
However, since we expect GI to act when the disc is young
(< 0.1Myr) and massive, we would expect these fragments
to undergo significant inward radial migration and poten-
tially tidal downsizing after they form (e.g. see Nayakshin
2010; Forgan & Rice 2013a).
9 CONCLUSIONS
In this paper we have used a set of 1D disc models followed
by a suite of 3D SPH simulations to investigate how the
conditions necessary for gravitational instability in proto-
stellar discs vary with host star mass. In these models we
have varied the disc masses and radii and have in particular
focused on determining the critical disc-to-star mass ratio
at which fragmentation is able to occur for stellar masses
M∗ = 0.25M, 0.5M, 1M and 2M. We have run models
for both Tirr = 10K and for stellar irradiation, with the true
disc irradiation likely lying somewhere in between these two
cases.
The primary conclusions drawn from this work are that,
(i) Discs become more susceptible to GI as we increase the
host star mass, with discs around higher mass stars being
prone to fragmentation which will tend to produce wide-
orbit giant planets and brown dwarfs.
(ii) Discs around lower mass stars (M ≤ 1.0M) are able
to host very high mass-ratio discs whilst still remaining grav-
itationally stable. In the case of stellar irradiated discs, when
using the 0.5 Myr MIST stellar luminosities in the optically
thin regime, we find fragmentation to be completely sup-
pressed in discs up to mass ratios of order unity. This may
have important implications for CA, since it may be possi-
ble for these discs to have large mass reservoirs available for
planet formation. This could allow for less strict constraints
with regards to pebble accretion efficiency and the depletion
of disc material in planet formation models.
(iii) Discs around higher-mass stars M ≥ 2M are more
susceptible to GI and fragmentation. For the case of a 2M
host star, we find that discs may fragment for mass ratios
q ≥ 0.4 and q ≥ 0.7 in the cases of Tirr = 10K and 0.5 Myr
MIST stellar irradiated discs respectively. We find that frag-
mentation will only likely occur at radii & 100 au, with this
critical radius increasing with increased irradiation and with
increasing host star mass. Fragment masses are found to
be strongly dependent on disc irradiation, with hotter discs
producing more massive planets due to higher Jeans masses.
Fragmentation in discs around 2M stars will produce ob-
jects of masses ≥ 1.10MJup and ≥ 6.18MJup in discs with
Tirr = 10K and stellar irradiation respectively, thus produc-
ing wide orbit giant planets and brown dwarfs.
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(iv) Discs around 2M stars are able to sustain the con-
ditions necessary for fragmentation for far longer timescales
than discs around lower mass stars are. This is due to these
discs becoming unstable against fragmentation for lower
disc-to-star mass ratios, thus the conditions necessary for
discs to be unstable against fragmentation will be satisfied
for longer.
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APPENDIX A: DERIVATION OF THE JEANS
MASS IN A SPIRAL DENSITY
PERTURBATION
Deriving the Jeans mass in a spiral density perturbation can
be done by equating the freefall timescale of a collapsing
spherical density perturbation with the timescale on which
the cloud is able to respond to the collapse, given by the
sound crossing time.
Starting from the equation of hydrostatic equilibrium
for a spherical cloud of density, ρ(r), pressure, p, mass, M(r),
and radius, r, we have,
dp
dr
= −Gρ(r)M(r)2 . (A1)
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Newton’s second law gives,
d2R
dt2
= −GM
R2
= − G
R2
4piR20 ρ
3
, (A2)
and as,
d2R
dt2
=
d
dt
v =
dR
dt
dv
dR
= v
dv
dR
, (A3)
we can state that,
v
dv
dR
= −
4piGR30 ρ
3R2
. (A4)
Integrating this gives,
∫
vdv = −
4piGR30 ρ
3
∫
dR
R2
, (A5)
1
2
v2 =
4piGR30 ρ
3R
+ C. (A6)
Boundary conditions that v = 0 when R = R0 give that,
C = −
4piGR30 ρ
3
, (A7)
so that,
1
2
v2 =
4piGR30 ρ
3R
− 4piGR
2
0 ρ
3
, (A8)
|v | =
√
8piGR20 ρ
2
3
( R0
R
− 1
)
. (A9)
To find the timescale on which the cloud will collapse,
tc =
∫
dt =
∫
dt
dr
dr =
∫
dr
|v | , (A10)
tc =
√
3
8piGR20 ρ
2
∫ R0
0
( R0
R
− 1
)−1/2
dr, (A11)
where,∫ R0
0
( R0
R
− 1
)−1/2
dr ≡ piR
2
0
2
, (A12)
tc =
√
3
8piGρ
pi
2
=
√
3pi
32Gρ
. (A13)
The sound crossing time is found by considering the sound
speed in the gas cloud, cs, and considering the case of an
ideal gas such that,
cs =
√
γkBT
m
, (A14)
where kB is the Boltzmann constant, γ is the adiabatic in-
dex, T is the temperature of the gas, and m is the mass of a
gas particle.
The sound crossing time is then,
ts =
R
cs
=
√
m
γkBT
R. (A15)
When ts > tc the cloud will begin to collapse. The Jeans
length, RJ , is the radius at which the gas cloud will begin to
collapse, found when ts/t = c ≡ 1.
ts
tc
=
( m
γkBT
)1/2
R
( 32Gρ
3pi
)1/2
, (A16)
RJ =
√
3piγkT
32Gρm
= cs
√
3pi
32
1
Gρ
.
From this we can then find the Jeans mass as,
MJ =
4
3
piR3J ρpert =
4
3
( 3
32
)3/2
pi5/2 c
3
s
G3/2ρ1/2pert
(A17)
The scale height, H, and local surface density of the
perturbation, Σpert are related to ρpert as,
ρpert = Σpert/2H, (A18)
where,
Σpert =
(
1 +
∆Σ
Σ
)
. (A19)
Here, ∆ΣΣ represents the fractional amplitude of the spi-
ral wave perturbation.
Rearranging equation 1 in terms of G and Σ gives,
(GΣ)1/2 =
( csΩ
piQ
)1/2
. (A20)
Now substituting A19, A20 and H = cs/Ω into A17
gives,
MJ =
4
√
2
3
( 3
32
)3/2 pi3
G
Q1/2c2sH
(1 + ∆ΣΣ )1/2
(A21)
In the presence of external irradiation Rice et al. (2011)
showed that,
〈ΣRMS
Σ
〉 = 4.47√α. (A22)
Substituting this into A21 gives the expression for Jeans
mass found in equation 3,
MJ =
√
3
32G
pi3Q1/2cs2H
(1 + 4.47√α)1/2 . (A23)
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